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In this paper, we use the modulus of continuity to study the rate of A-statistical convergence

of the Kantorovich-type (p,q) - analogue of the Balazs-Szabados operators by using the statistical
notion of convergence.
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Introduction

. . . 1 n k |[n k . '
Bernstein type rational functions, R, (f;x) =2 | — (anx) (n =1, 2, ) Balazs defined and
(1 + anx) k=0 { by J\k

investigated them in 1975, (see [1]). In this definition, fis a real and single-valued function defined on the interval [0,»), a,

and b, are real numbers that have been appropriately chosen and are independent of x. Seven years later, in 1982, Balazs and
Szabados cooperated to improve the estimate in [1] by selecting appropriate parameters a, and b, under some restrictions for

f(x), (see[2]).

Recently, different q - generalizations of Baladzs-Szabados operators have been studied by several researchers, see [3-7]. In
[8], the Kantorovich-type g - analogue of the Balazs-Szabados operators is defined by Hamal and Sabancigil as follows:

1 [k]q +qkt

n
R:’q (f’ X) = kEO rn,k (q’ X)('g f b dqt’ (1)
n

and 1y (0.9 - )H (o) "1 (1 0= a) e o)

(1+anx

Additionally, the fast rise of (p,q) - calculus has encouraged many mathematicians in this subject to discover different
generalizations. In the last decade, Mursaleen et al. defined and studied the analogue of many operators (see [9-15]). The (p,q)
- generalization of Szasz-Mirakjan operators was studied by Acar (see [16]), (p,q) - Kantorovich modification of Bernstein
operators was studied by Acar and Aral (see [17]).
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In [18-20], recently, Hamal and Sabancigil introduced a new Kantorovich-type (p,q) - analogue of the Balazs-Szabados
operators by generalizing the new Kantorovich-type g - analogue of Balazs-Szabados operators, given by (1), as follows:

" ([k]p,q +qkt)

¥ N, 1
R f.x)=2r Lo, X) [ f dnqt, (2
n.pg(f-%) o n,k(p‘]I )(j) b, pat-> (2)
K k-1

1 n k(k-1)/2 anx n—K— i i anX

where r:’k(p,q,x):n(n_l)/z{ :| p ( )/ ( n j _1:[0 (pj _qlnj
P K D, 1+anx 1= I+ apXx

-1 2

and 0<gq<p<l1, an:[n]'ﬁ’q,bn:[n]'ﬁ’q,oqiss,neN,xzo, f:[O,oo)—)]R.

These newly defined operators have some advantages when they are compared with the other (p,q) - analogues given in the
other studies. The first advantage is that they are positive for all continuous and real-valued functions on the half-open interval
[0,00). The second advantage is that they can be used to approximate also the integrable functions. If p = 1, these polynomials
reduce to the new Kantorovich-type analogue of the Baldzs-Szabados operators, which are defined by Hamal and Sabancigil in
[8]. Moreover, we considered the following two special casea:

o [f 0<p<qs<1 or 1sp<g<oo or when the positivity property of the operators fails.

e If 1<g<p<co then approximation by the new operators R;, p.q ( f,x) becomes difficult because if p is large enough then
the sequence R; PGS ey MAY diverge.
2 2 E

Before stating the main result for these operators, we give some notations and definitions of (p,q) - calculus. For any p>0, g>0
non-negative integer n, the (p,q) - integer of the number n is defined as follows:

p"-q"
if pxg=1
pP-q

n-1 n-2 n-3 2 n-2 n-1 n-1 .
[n]p’q=p +p Tg+p g +..+pg +q =4 np ifp=qg=1 ,

n .

=TI |k >1 =1 [n] it p=1
[lpqt= 1 [K]p gonzt and [o] 1=t a
n if p=qg=1
and (p,q) - binomial coefficient is defined by
n !
{n} - []p’q ,0<k<n.
Kpa [pgtn-4pg!
The formula of (p,q) - binomial expansion is defined by
(n—k)(n—k-1) k(k-1)
n n _ - - _

(aXery)p’q :kéop 2 q 2 " I(bkxn kyk :(ax+by)(pax+qby)(pzax+q2by)...(pn 1ax+qn 1by).

Let f :C[0,a] —> R, the (p,q) - integral of is defined by:

aq

a o qk k 0

q
Fast [21] and Fridy [22] provided the following notions.

>1 .

1
Suppose that E c N = {1, 2, } and Ej = {k <n:ke E} .Then §(E) = lim —|En| is called the natural density of E provided
that the limit exists. N—=%n

Definition 1: A sequence x = (x,) is statistically convergent to the number L if for every £>0, we have & {k eN: ‘Xk - L‘ > 5} =0
is denoted by st, — lim x, =L.
y A nN—o0 n

Because all finite subsets of the natural numbers have density zero, any convergent sequence is statistically convergent, but
not contrariwise.

For example, consider the sequence 4 = {a, n = 1,2,3...} whose terms are
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{\/H when n = m2, vm=1,2,3,.
an =

1 otherwise

We can see that the sequence is divergent in the ordinary sense, but it is statistically convergent to 1.

Let C, [a,b] denote the space of all functions f which are continuous in every point of the interval [a,b] and bounded on the

entire positive real line, |f (x)| <My, Vxe (0,00) .

Lemma 1 ([10]): ForallLet ne N, x e [0, oo) and 0<q<p<1, we have the following equalities:

Rn.p.q (LX) =1.
R* t,x)= P + 24 [ X j
n,p,q( ) [2] 0. b [2] 0. 1+apX

2n <4q3 +5q2p+3qp2) pn_1 ( X J

pa(B)= P
[3] p.q bn [2] p.q [3] p.q bn

2
Q[”_l]p,q 4q3+q2p+qp2£ X J

g [2lhql3lpg

1+anx

I+apx

Lemma 2 ([10]): Forall ne N, x e [0,oo) <g<ps<1, we have the following estimations:

; 2 1| (pn—q“)2 L 2
(Rhpa(€00)) < -4 s ( ' q(anx)j cxefo.x). (3)

by | by by p+q p-

R:,p,q ((t—x)z,x)ssl¢n(p,q)(1+x)2, x e[0,0), (4)

n

R:,P,q ((t—x)4,x) < :%(Hx)z, Xe[o,oo), (5)
n

Where

A1>0,A2> 0 and ¢n(p,q):max pn_l’ bn _anpn—l, ;
[3] p.g bn

In the following theorem, the Bohman -Korovkin type statistical approximation theorem was proved by Gadjiev and Orhan
[23].

Theorem 1 ([13]): Let (/) . be a sequence of positive linear operators acting from C, [ab] to B [ab] that is,
/1 :Cg [a.b] - B[a,b] satisfies the conditions that

sty ~lim ¢ (&)~ e = 0 withe; (1) =t and v i =0, 1.2. (6)

Then, we have

stA—lirr]n”an ~f]=0 wfecg([ab]).

Now, we give the main result of this research is to use the modulus of continuity to study the rate of A-statistical convergence
%
of Kantorovich-type (p,q) - analogue of the Balazs-Szabados operators Rn,p.q ( f,x).

. ..n
Theorem 2: Let g = ,p= , 0< <1 such that st, -1 =1,sty —1i =1 and st -1 =1. Then for
q (qn) p (pn) On < Pn A~ HmAn A~ Pn A~ 1M Pn

each compact interval [0, b] c [0,00), we have st —lirr]nHR;’p’q (f,x) —f (X)H =0,vfeC ([0, b])

Proof: According to Theorem 1, it is sufficient to show that it satisfies (6). By using Lemma 1, it is clear that
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. * . *
sty - hrl]n Rn, Pn.dn (eo, X) —€g[ =0, since Rn,pn,Qn (eO, x) =1.(7)

Again by Lemma 1, we have

n
2 X
Pn . 2n .

_‘[z]p,q bn [Z]Pn,Qn 1 2n. pn,an *

R:» Pn,dn (el; X) 8

2
pn (Pn-tn)  x 1, pn,an *
+ + .
[2] Pn.dn by [2] Pn.dn I+ap, Pn.dn X I+ap Pn.dn ¥

1
By taking the maximum of both sides of the last equality on [0,b] with 0 <b < ———— , we obtain

5 an, pn.dn

n a b
Pn—4d b n,

Pn +( n n) . Pn,dn

*
Rn,p q (el;x)—e1 < .
. [2] Pn,dn by [2] Pn,dn 1+an,pn,QHb 1+anspn,QHb

By using the limits st —limqy, =1,st5 —lim p, =1, we have
n n

sty —lim prr]] :O,stA—lim(pn_qn):stA—liman’pnqn =0,
" [2] Pn,dn b”’pn,Qn " [2] Pn,dn " ,

herefore,

R:» Pn,dn (el; X) 8

For £>0, we define the sets

<é.

*
A::{neN: Rn,pn,Qn (el;.)—el 25}, (8)
n
- b
A= neN:pinzg Ay = neN:(pn qn) > g ¢, and
[2]Dn,Qn bn [2 Pn,dn 1+ 2, pn an®
2
an,annb
A3= neN:——————>¢, thus from (8), we can see that AgAIUA2UA3,
1Jran,pn,an

n-1

o* . ) Pn b &
5{neN. Rn, pr.tn (e:)-¢ zg}s5 neN: — o2
N, Pn,dn N, Pn,dn
1 2 €
+0qneN:|1- 5 b™ >—
3
(l+an,Pn,an)
n-1° 2
Pn b £
+5qneN: >—r. (9)
3

[n ’
Pn,An (1 +an p, qnb)

By taking the limit of both sides of the above inequality (9), It is obvious that

n-1 n-1 2
Pn b 1 Pn b

=0, sty —lim =1, sty —lim - 0.
" A~ lin 2 Al

Sty —lim
AT, b

N, Pn,An I+ a“apn,Qn

[»] i
I+ay Pn.dn b) Pn,dn (1 +ap, Pn.dn b)
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Which implies

=0.(10)

sty —lim
A n

R:,pnﬂn (e:%) ¢,

Also, by using Lemma 1, we may write

3 2 2 n-1
R* ( ) < pr2]n (4qn +50n Py + 34 pn) Pn X
n,pndn \82:%) €| = 7T
3] pn.an N [2] Pn.Gn 3] pn.an O 1+2n,py,an X
2
— 3 2 2
+qn [n l]men 40 +0n Pp +dn P X —x2
[”]pn,qn [2] Pn.0n 3] protn \F2n.pn.an*
3 2 2 n-1
przln (4qn +507 Py + 305 pn) Pn ( x j
< +
2
[3] pn-Gn °N-Pn.Gn [2] Pn.n [3] pn.an OPnsgn W1 HanX
302 2 n-1 32 2 2
w1 40n +dn P +dn Pp 1 2 Pn 4qn+qnpn+qnpn( X j
B 2
2 3 2 3 1
on a0 Blon.an (1+2npn.an ) ["Jonan Plonan Blog.an L2
By taking the maximum of both sides of the last equality on [0,b] with 0 <b < , we get
y g q ty g
an’ Pn.An
3 2 2\ n-1
* p2n (4qn +50n Py +30p pn) Pn b
Rn Pn.dn (ez;x)—ez < nz +
’ [3]pn,qn 1, pn.an [2] Pn.dn [3] Pn.An B, pn.an 1+ 2n,pn.anP
2
3 2 2 n-1 3 2 2
40p + 0y Pp +An Py 1 b2 4 Pn 44y +dp Py + 9n Py b
B 2
2 3 n 2 3 1+a b
[ ]pn,qn[ ]pn,qn (”an,pn,qnb) [ ]pn,Qn [ ]pn,CIn [ ]Pn,Qn *@n,pn.an

By using the limits sty — 1irI]n O =1 sty - lirr]n Ph =1, we have

4q3 +qZp +q p2 pn—l p2n
st —lim 0T g sty — lim =0, st —lim n =0.
" 2], o [ " [n] " [5], o b
Pn.An Y 4Pn.an Pn.an Pn.dn M Pn.0n
Therefore,

< é&.

R:,Pn,Qn (e3:%) e,

Now, for given € > 0, we introduce the following sets;

%
D= {n &N [Rn pn.an (ez;,)_e2 25},
p2n &
D1 =qneN: n 5 >— 7,
[3] b 4
Pn.An " Pns0n
3 2 2\ n-1
(4Qn +50p Pp +34p pn) Pn b P
D, =4neN: >
2 s
215 00 Blon . Prpn.an 120 ppgn ) 4
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Then, from (11) we may write D ¢ D; UD, UD3; UDy,

2n
&
5{“'\': Rn.pn.an (257) - —"’"}g neft L
3 Pn-%n bn,Pn,Qn 4
n-1
4qn + 55 Py + 3 pn)pn b .
neN: >
[2] Pn.0n [3]pn,qn bn,pn.an \ 1+ an,ppanl ) 4
3 2 2
40, + Ay Py + A7 Pp 1(11) 2 €
neN:J1- > b™ > —
2 3 4
[ ]pn,Qn [ ]pn,Qn (1+an,pn’qnb)
-1 3 2 2 2
+o4neN: Pn 40p +dn Pn +AnPn b S

ENEE

[n] Pn»dn [2] Pn.dn [3] Pn»dn 1+ 2n,p,onP

by taking the limit of both sides of the above inequality, It is obvious that
5(D) < 5(Dl)+§(D2)+5(D3)+5(D4) =0, which implies

= 0. As aresult, Equation (6) is proven, yielding the desired result.

. * )
Stp _hrrwn Rnapn,Qn (ez,x)—e2

Conclusion

In this paper, by using the notion of (p,q) - calculus and statistical convergence, we give the main result of this research to
use the modulus of continuity to study the rate of A-statistical convergence of Kantorovich type (p,q) - analogue of the Balazs-
Szabados operators.ases:
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